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Abstract. In the present paper we have studied the concept of fuzzification in 
AG-groupoids. The equivalent statement for an AG-groupoid to be a commu- 
tative semigroup is proved. Fuzzy points have been defined in an AG-groupoid 
and has been shown the representation of smallest fuzzy left ideal generated 
by a fuzzy point. The set of all fuzzy left ideals, which are idempotents, forms 
a commutative monoid. The relation of fuzzy left(right) ideals, fuzzy interior 
ideals and fuzzy bi-ideals in AG-groupoid has been studied. Necessary and suf- 
ficient condition of fully fuzzy prime AG-groupoid has been shown. Further, It 
has been shown that the set of fuzzy quasi-prime ideals of AG-groupoid with 
left identity forms a semillattice structure. Moreover, equivalent statements 
for fuzzy scmiprime left ideal in an AG-groupoid have been proved. 



1. Introduction 

A fuzzy subset / of a set 5 is a function from 5 to a closed interval [0,1]. 
The concept of a fuzzy subset of a set was first considered by L.A. Zadeh [10] 
in 1965. A. Rosenfelt was the first who studied fuzzy sets in the structure of 
groups [11]. Fuzzy semigroups were first considered by N. Kuroki [12] in which 
he studied the bi-ideals in semigroups. The fuzzy theory provides the underlying 
structure for the generalization of many fields including logic, differential equations 
and groups. The fuzzy theory on algebraic structures have been widley explored. 
An Abel Grassmann's groupoid, abbreviated as AG-groupoid, is a groupoid S whose 
elements satisfy the left invertive law: {ab)c = {cb)a for all a, b and c in S. An 
AG-groupoid is the midway structure between a commutative semigroup and a 
groupoid. It is a useful non-associative structure with wide applications in theory 
of flocks. This property of an AG-groupoid inspired us to use the fuzzy theory in 
AG-groupoids. In an AG-groupoid the medial law, (ab){cd) = (ac)(bd) for all a, 6, c 
and d in 5* holds [6]. If there exists an element e in an AG-groupoid S such that 
ex = X for all a; in then S is called an AG-groupoid with left identity e. It is to 
be noted that if an AG-groupoid S has the right identity then is a commutative 
monoid. If an AG-groupoid S contains left identity then {ab){cd) = {dc){ba) holds 
for all a, 5, c and d in S. Also a{bc) — b{ac) holds for all a, b and c in an AG-groupoid 
with left identity. In an AG-groupoid S, an element a G 5* is called idempotent if 

= a. 

Let F{S) denote the collection of all fuzzy subsets of S. For subsets A, B of S, 
AB = {ab & S : a € A,b e B}. A non-empty subset A of S" is called left(right) 
ideal of S if SA C A (AS C A). Further A is called two-sided ideal if it is both 
left and right ideal of S. A non-empty subset A of S* is called interior ideal of 
S if {SA)S C A. A non-empty AG-subgroupoid A of 5 is called bi-ideal of S if 
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{AS)A C A. A non-empty subset A of 5 is called idempotent if AA = A. An 
ideal P of S* is called prime if AB C P implies that either A C P or i? C P, for 
all ideals A and B of S. An AG-groupoid S is called fully prime if every ideal is 
prime. The left ideal P of S is called quasi-prime if AB C P implies that either 
A C P or P C P, for all left ideals A and B of S. An AG-groupoid S is called fully 
quasi-prime if every left ideal is quasi-prime. 

2. Fuzzy Ideals in AG-groupoids 

Let / and g be two fuzzy subsets of an AG-groupoid S. The product f o g is 
defined by 

f V {f{y) ^ di^)} ) if 3 y and z £ S, such that x = yz, 
{fog){x) = I ^=v^ 

otherwise. 



Proposition 1. Let S be an AG-groupoid, then the set {F{S), o) is an AG-groupoid. 
Proof. Clearly F{S) is closed. Let f,g and h be in F{S). Then for any x in S* we 

haye,{{fog)oh){x)= V {{f ° 9) iv) ^ h{z)} = V | V {f{p)^9{Q)}^h{z)\ = 

x=yz x=yz \^y=pq J 

V ifiP) ^ 9{<l) ^ K^)} = V iK^) ^ 9{<l) ^ f{p)}- Then, further we have 

x={pq)z x={zq)p 

V I V {h{z)^g{q)^^{p)) \ = V {{hog){w)^f{p)} = {{hog)of){x). 

x=wp I w — zq J x=wp 

Hence {F{S), o) is an AG-groupoid. □ 

Corollary 1. Let S be an AG-groupoid, then the medial law holds in F{S). 

Proof. Let f,g,h, and k be arbitrary elements of F(S). By successive use of left 
invertive law, {f o g) o (hok) = {{h o k) o g) o f = {{gok) oh) o f = [f oh) o 
{gok). □ 

Theorem 1. Let S be an AG-groupoid with left identity, then the following prop- 
erties hold in F{S); 

(*) f ° {g ° h) = g o [f o h) for all /, g and h in F{S), 

(a) {f o g) o [h o k) = {k o h) o [g o f) for all /, g, h and k in F{S). 

Proof, (i) Let x be an arbitrary element of 5*. If a; is not expressible as a product 
of two elements in S, then {f o [goh)){x) = = {go {f oh)) {x). Let there exists 
y and 2; in 5 such that x = yz, then(/ o [g o h)) [x) = \l {f {y) A {9 oh) (z)} = 

x=yz 

V S/(2/)A V {9{p)/\h{q)}\ = V {/(y) A A %)}, which implies that 

x=yz z=pq J x=y{pq) 

V {5 b) A/(y) A/i(g)} = V < 5 (p) A V {/(j/) A I and so we have 

x=p(yq) x=pw y w=yq J 

V {9 (P) A if oh) {w)} = {g o if o h)) (x). Thus, (/ o (g o h)) (x) = {g o (/ o h)) {x). 

x—pw 

If z is not expressible as a product of two elements in S, then(/ 0(170 h)) (x) = = 
{9 ° if ° h)) (x). Hence, {f o {g o h)) (x) = (5 o (/ o h)) (x) for all x in S. 
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(ii) If any element x of S is not expressible as product of two elements in S at any 
stage, then((/ o g) o [ho k)) (x) = ~ {{k o h) o (g o /)) (x). Let there exists y, z in 
S such that x = yz, then((/ o g)o [ho k)) {x) = \J {(/ o g) (y) A (/i o fc) (z)} = 

x=yz 

V 'I V {/(p) ^ .9(9)} ^ V {h{u)Ak{v)}> and hence the above equality be- 

x—yz I y—pq z—uv J 

comes V {f{p)Ag{q)Ah{u)Ak{v)}= V {k{v) A h{u) A g{q) A f [p)} -- 

x={pq){uv) x={vu){qp) 

V I V {k{v)Ah{u)}A V {5(3)A/(p)}|= V {(fco/i)(m)A(ffo/)(n)} = 

x=mn I m—vu n=qp I x=mn 

((fco/i)o(ffo/))(a;). □ 

Proposition 2. v4n AG-groupoid S with F{S) — {F{S))'^ is commutative semi- 
group if and only if {f o g) oh = f o {ho g) holds for all fuzzy subsets f, g and h of 
S. 

Proof. Let an AG-groupoid S is commuatative semigroup. For any fuzzy subsets 
/, g and /i of 5 by use of proposition 1 and commutative law, {fog)oh — {hog)of = 
ho{fog). Conversally let {fog)oh = fo(hog) holds for all fuzzy subsets /, g and h of 
S. We have to show that an AG-groupoid S is commutative semigroup. Let / and g 
be any arbitrary fuzzy subsets of S. Since F{S) = {F{S))^ so f = hok where h and 
k are any fuzzy subsets of S. Now f o g = (ho k) o g = [gok)oh = g o (hok) = g o f , 
which shows that commutative law holds in S. By successive use of proposition 1 
and commutative law {f o g) o k = {k o g) o f = f o {k o g) = f o [g o k). □ 

A fuzzy subset of S is called fuzzy AG-subgroupoid of S if f{ab) > /(a) A f{b) 
for all a and b in S, and is called fuzzy left (right) ideal of S if f{ab) > f{b) 
{f{ob) > fio)) for all a and 6 in S. A fuzzy subset / of 5 is called a fuzzy two 
sided ideal(or a fuzzy ideal) of S if it is both fuzzy left and fuzzy right ideal of S. 
A fuzzy subset / of 5* is called fuzzy idcmpotent '^i f o f = f. For a subset A oi S 

( I ii X G A 

the characteristic function, Ca is defined by Ca = s „ , 

^0 11 X f A. 

Note that an AG-groupoid S can be considered a fuzzy subset of itself and we 
write S = Cg, i.e., S{x) = 1, for all x in S. Let a be an arbitrary element of S, then 

r A if X a 

for A in (0, ll and for a; in 5 we define fuzzy point oa of S as; ax (x) — < ^ , . ' . 

1^0 otherwise. 

A very simple calculations shows that for a fuzzy subset / of 5 we have / = (J ax. 

It is easy to see from [1] that a non-empty subset A of an AG-groupoid 5 is AG- 
subgroupoid if and only if Ca is a fuzzy AG-subgroupoid of S, and A is left (right, 
two-sided) ideal of S if and only if Ca is a fuzzy left(right, two-sided) ideal of 
S. For non-empty sets A and B of an AG-groupoid S, Ca H Cb = Cahb and 
Ca o Cb = Cab ■ It is easy to see that for every fuzzy subset / of an AG-groupoid 
S, we have / C 5. The following lemmas have the same proof as in [1]. 

Lemma 1. Let f be a fuzzy subset of an AG-groupoid S, then the following prop- 
erties hold. 

(i) f is a fuzzy AG-subgroupoid of S if and only if f o f C. f. 

(ii) f is a fuzzy left ideal of S if and only if S o f C f. 
(Hi) f is a fuzzy right ideal of S if and only if f o S C f. 
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(iv) f is a fuzzy ideal of S if and only if S o f C_ f and / o C /. 

Lemma 2. Let S be an AG-groupoid. Then the following properties hold. 

(i) Let f and g be two fuzzy AG-subgroupoids of S. Then f (1 g is also a fuzzy 
AG-subgroupoid of S. 

(ii) Let f and g be two fuzzy left(right, two-sided) ideal of S. Then f H g is also 
a fuzzy left (right, two-sided) ideal of S. 

Lemma 3. In an AG-groupoid with left identity S o S = S. 

Proof. Every a; in 5 can be written clS X — G-OC* where e is the left identity in S. So 
S o S{x) = V {Siy) A S{z)} > {S{e) A S{x)} = 1. Hence {S o S){x) = 1 = S{x) 

x=yz 

for all X in S. □ 

Lemma 4. In an AG-groupoid S with left identity, for every fuzzy left ideal f of 
S, we have {S o f) = f. 

Proof. It is sufficient to show that / C S* o /. Now for any x in S, {S o f){x) = 
V {S{y) A f{z)}. Since x — ex, for all x in S, as e is left identity in 5, so 

^T{S{y) A f{z)) > S{e) A f{x) = fix). □ 

x=yz 

Proposition 3. Let S be an AG-groupoid with left identity and f and k are fuzzy 
left ideals in S then for any fuzzy subsets g and h of S, fog = h o k implies 

g o f = k o h. 

Proof. Since / and h are fuzzy left ideals in S so by above lemma S o f = f and 
Soh = h. Nowgof={Sog)of={fog)oS={hok)oS = {Sok)oh = koh. □ 



The following corollary is direct consequence of the successive use of left invertive 
law in fuzzy AG-groupoid shown in proposition 1. 

Corollary 2. In an AG-groupoid S for any fuzzy subsets f,g and h the following 
conditions are equivalent: 

(i) if °9)°h = go{f oh), 

(ii) {f°9)°h = go{hof). 

Theorem 2. // 5* is an AG-groupoid then Q = {f \ f & S, f oh = f where h = 
h o h} is a commutative monoid in S. 

Proof. The subset Q is non-empty since ho h = h which implies that /i is in Q. 
Let / and g be fuzzy subsets of 5 in Q then f oh = f and g o h — g. Consider 
f og = [f o h) o (g o h) = [f og)o[hoh) = {f o g) o h which implies that Q is closed. 
Now for any fuzzy subsets / and g in Q, f o g = (f o h) o g = {goh)of = gof 
which implies that commutative law holds in Q and associative law holds in Q due 
to commutativity. Since for any fuzzy subset f in Q we have f o h = f, where h is 
fixed, implies that /i is a right identity in S and hence an identity. □ 

Let S be an AG-groupoid and a\ be a fuzzy point in S. The smallest fuzzy left 
ideal of S containing ax is called a fuzzy left ideal of S generated by ax. Let we 
denote the smallest fuzzy left ideal of S generated by a a by {ax)]^ ■ 
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Theorem 3. Let S he an AG-groupoid with left identity e and ax be a fuzzy point 

A if there exists b G S such that x = ba, 

, otherwise. 



in S, then {a\)j^ = f, where f{x) = 



Proof. Let x and y be an arbitrary elements of S. Let f{y) =0 then f{xy) > = 
/ (y) and if f [y) ^ then there exists an element b in S such that y = ba. Now, 
fixy) = f{x{ba)) = fiiex)iba)) = f{{ah){xe)) = f{{{xe)b)a) = A > /(y), which 
implies that / is a fuzzy left ideal in S. Since a = ea, so f{a) — f{ea) — A and 
hence a\ is in /. Let g be any other left ideal of S containing a\, then g{a) > A. Let 
f{x) = for all X in S then g{x) > = f{x). On the other hand if f{x) — A then 
there exists b in S such that x = ba and g{x) = g{ba) > g{a) > X = f{x), which 
implies that f ^ g. Hence / is the smallest left ideal generated by ain S. □ 

Proposition 4. Let S be an AG-groupoid, then every fuzzy left ideal which is 
idempotent is a fuzzy ideal. 

Proof. Let / be a fuzzy left ideal in S, which is idempotent. Consider, f o S = 

{fof)oS={Sof)ofCfof = f. □ 

Remark 1. Lf S is an AG-groupoid with left identity, then in above proposition 
fuzzy left ideal and fuzzy right ideal coincide. 

Theorem 4. Let f is fuzzy idempotent in AG-groupoid S with left identity, then 
followings are true. 

(i) S o f is a.n idempotent. 

(ii) Every fuzzy left ideal g in S commutes with /. 

Proof, (i) can easily be shown by use of corollary 1 and lemma 3. 

For (a) consider, f o g = {f o f) o g = {g o f) o f C {g o S) o f C g o f. Also, 
gof = go{fof) = fo{gof)Cfo{goS)Cfog. □ 

Theorem 5. Let S be an AG-groupoid with left identity, then the collection of all 
fuzzy left ideals of S, which are idempotent forms a commutative monoid. 

Proof. Let H denote the collection of all fuzzy left ideals which arc idempotent 
in S. Here, if is non-empty, since by lemma 'S, S o S = S implies S is in Ii. 
Consider f,gin H, then {fog)o{fog) = {fof)o{gog) = fog, also by corollary 1, 
So (fog) = {SoS)o{fog) = {Sof)o(Sog) C fog. Also for every /, 5 in by use of 
theorem 1 and corollary 1, fog = {fog)o{fog) = {gof)o{gof) = {gog)o{fof) = gof, 
that is commutative law holds in H. Now, for any f,g, and h in H we have 
(/ ° .9) ° f'- = ° .9) ° ,/ = ./ ° ° .9) ~ f ° {g ° h). Since every / in H is left ideal, 
so lemma 4 implies that S o f = f. Commutativity implies that Sof = foS = f, 
which implies that S is identity in H and every / is an ideal in H. □ 

Lemma 5. Let S be an AG-groupoid with left identity e. Then every fuzzy right 
ideal is fuzzy ideal. 

Proof. Let / be a fuzzy right ideal in S", so / o 5' C /. By use of lemma 3 and 
proposition 1, S o f = (^S o S) o f = (^f o S) o S C f o S C f. So f is a. fuzzy left 
ideal, and hence a fuzzy ideal in S. □ 

Remark 2. If f is a fuzzy right ideal of an AG-groupoid S with left identity then 
f [J{S o f) and / U (/ o /) are fuzzy two-sided ideals of S. 
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Lemma 6. If f is a fuzzy left ideal of an AG-groupoid S with left identity then 
/ U (/ o 5) and / U (/ o /) are fuzzy two-sided ideals of S. 

Proof Consider, (/ U (/ o S*)) o S* = (f o 5) U ((/ o S) o S) = (f o S) U {{S o S) o 
/) = (/ o ^) U (5 o /) = (/ o ^) U / = / U (/ o S). Hciico / U (/ o S) is fuzzy 
right ideal of 5*, and by lemma 5, / U (/ o S) is fuzzy two-sided ideal of S. Now 
(/ U (/ o /)) o 5 = (/ o S") U (/ o /) oS= '(/ o 5) U ((5 o /) o /) C (/ o 5) U (/ o /) = 
(/ o /) U (5 o /) C (/ o /) U / = / U (/ o /), implies that / U (/ o /) is fuzzy right 
ideal of S. By lemma 5, / U (/ o /) is fuzzy left ideal of S. □ 



A fuzzy subset / of an AG-groupoid S is called a fuzzy bi-ideal of 5 if f{{xy)z) > 
f{x) A f{z) for all .x, y and z of S. It is easy to sec from [1] that for a non-empty 
subset A of an AG-groupoid S' is a bi-ideal of S if and only if Ca is a fuzzy bi-ideal 
of S. The following lemma has proof as in [1] . 

Lemma 7. Let f he a fuzzy AG-subgroupoid of an AG-groupoid S. Then f is a 
fuzzy bi-ideal of S if and only if {f o S) o f C f. 

Lemma 8. Let f and g be fuzzy right ideals of an AG-groupoid S with left identity. 

Then f o g and g o / are fuzzy bi-ideals of S. 

Proof By use of corollary 1 {f o g) o {f o g) = {f o f) o {g o g) C f o g. Hence fog 
is fuzzy AG-subgroupoid of S. Now, by proposition 1, lemma 3 and corollary 1 

((/ o g) o S)) o{fog) = ((/ o g) o {S o S)) o (/ o g) = ((/ o S) o {g o S)) o (/ o 5) C 
(/ ° 5) ° (/ ° 5) ^ / ° 5- Similarly, g o / is a bi-ideal. □ 

Lemma 9. Let f and g be fuzzy bi-ideals of an AG-groupoid S. Then f (1 g is a 
fuzzy bi-ideal of S. 

Proof. It is same as in [1]. □ 



A fuzzy subset / of an AG-groupoid S is called a fuzzy interior ideal of S if 
f{{xa)y) > f{a) for all x,a and y of S. It can easily seen that, if A be a non-empty 
subset of an AG-groupoid S, then A is a interior ideal of S if and only if Ca is a 
fuzzy interior ideal of 5. The following lemma has the proof as in [1]. 

Lemma 10. Let f he a fuzzy AG-subgroupoid of an AG-groupoid S. Then f is a 
fuzzy interior ideal of S if and only if {S o f) o S C f. 

Proposition 5. Let S be an AG-groupoid. Then for any fuzzy left ideal, which is 

idempotent, in S, the following properties hold. 

(i) f is a fuzzy bi-ideal. 

(ii) f is a fuzzy interior ideal. 

Proof, (i) Since a fuzzy subset / of 5 is fuzzy left ideal so f o f C /. By use of 
corollary 1 (/ o S*) o / = (/ o 5) o (/ o /) = (/ o /) o (5 o /) C / o / ='/. 

(11) Consider, (S o f) o S C f o S = {f o f) o S = {S o f) o f C f o f = f, implies 
that / is an interior ideal of S. □ 

Lemma 11. Every fuzzy subset f of an AG-groupoid S with left identity is right 
ideal if and only if f is an interior ideal. 
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Proof. Let every fuzzy subset / of 5* is right ideal. For x, a and y of S, consider 
f{{xa)y) > f{xa) = f{(ex)a) = f{{ax)e) > f{ax) > f{a), which imphes that / is 
an interior ideal. Conversely, for any x and y in 5 we have, f{xy) = f{{ex)y) > 
fix). □ 

Lemma 12. Let f be a fuzzy left ideal in an AG-groupoid S with left identity, then 
f being interior ideal is bi-ideal of S. 

Proof. Since / is fuzzy left ideal in S, so f{xy) > f{y) for all x and y in S. As e is left 
identity in S. So, f{xy) = f{{ex)y) > f{x), which implies that f{xy) > f{x)^f{y) 
for all X and y in S. Thus / is fuzzy AG-subgroupoid. Consider, for any x, y and 
z in S, f{{xy)z) = f{{x{ey))z) = fMxy))z) > f{xy) = f{{ex)y) > f{x). Also 
f{{xy)z) = f{{zy)x) = f{{z{ey))x) = f{{e{zy))x) > f{zy) = f{{ez)y) > f{z). 
Hence f{{xy)z) > f{xy f{z) for all x,y and z'm S. □ 

Proposition 6. Let f is a fuzzy subset of an AG-groupoid S with left identity. If 
f is a fuzzy left(right, two-sided) ideal in S then f o f is a fuzzy ideal in S. 

Proof. Let / is a fuzzy left ideal in an AG-groupoid S, then by lemma 1 S* o / C /. 
By use of lemma 3 and corollary 1, S'o(/ o /) = {S o S)o{f o f) = {S o f)o{S o f) C 
f o f. Also by proposition 1, (/ o /) o 5* = (S' o /) o / C / o /. If / is a fuzzy right 
ideal in S then by lemma 5 / is a fuzzy left ideal. □ 

Corollary 3. Let f is a fuzzy subset of an AG-groupoid S with left identity. If f 
is a fuzzy left ideal in S then f o f is a fuzzy bi-ideal and an interior ideal in S. 

Proof. By proposition 6, / o / is a fuzzy ideal in S. Now by lemmas 11 and 12, 
/ o / is a fuzzy interior and fuzzy bi-ideal of S. □ 

Theorem 6. In an AG-groupoid S, every fuzzy ideal is a fuzzy bi-ideal and an 
interior ideal of S. 

Proof. Let / be a fuzzy ideal of an AG-groupoid S. Clearly / is AG-subgroupoid 
of S by lemma 1, since fofCSofCf. Consider, (/ o 5) o / C / o / C /, which 
by lemma 7 shows that / is a bi-ideal in S. Now, consider {S o f) o S C f o S C S, 
which by lemma 10 shows that / is an interior ideal in S. □ 



A fuzzy ideal / of an AG-groupoid S is called fuzzy prime ideal if for any two 
fuzzy ideals g and h of S, g o h C f implies that either g ^ f or h C f. An 
AG-groupoid S is fully fuzzy prime if every fuzzy ideal is prime in S. A fuzzy left 
ideal / of an AG-groupoid S is called fuzzy quasi-prime if for any two fuzzy left 
ideals g and hofS,gohCf implies that either g Q f ot h C f. An AG-groupoid 
S is fully fuzzy quasi-prime if every fuzzy left ideal is quasi-prime in S.A fuzzy left 
ideal / of an AG-groupoid S is called fuzzy semiprime left ideal of S if for any fuzzy 
left ideal g of S, g'^ C f implies g f. 

The collection of fuzzy subsets F{S) of an AG-groupoid S is totally ordered if 
for all fuzzy ideals f,g of S either / C g, or g C /. 

Theorem 7. An AG-groupoid S with left identity is fully fuzzy prime if and only 
if every fuzzy ideal is idempotent and fuzzy ideals are totally ordered. 
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Proof. Let S is fully fuzzy prime. Lot / is fuzzy ideal of S*, then since / o / C 
S o f <Z f. By proposition 6 / o / is fuzzy ideal and by hypothesis / o / is prime. 
So, / o / C / o /, implies that / o / C /. Consider, / and 5 be fuzzy ideals of S, 
then fogCfoSCf and also fogCSogCg. Hence, f o g <Z f n g, where 
f Ci g is fuzzy ideal by lemma 2. By definition of fully fuzzy prime / C / n g or 
9 C f Ci g, which implies that f Q g ov g <Z f. Conversely, let every fuzzy ideal of 
S is idempotent and fuzzy ideals are totally ordered. Let / be any fuzzy ideal of 
S such that g o h C f where / and g are fuzzy ideals of S. Since ideals are totally 
ordered so for g and h either g h or h C g. Let g C h. Since g is idempotent so, 
9 = 9°9'^9°hCf. Similarly, for h Q g we have, f 9- D 

Proposition 7. Let S be an AG-groupoid with left identity. If S is fully fuzzy 
quasi-prime then every fuzzy left ideal is idempotent. 

Proof. Let / be a fuzzy left ideal in an AG-groupoid with left identity S, where 

S is fully fuzzy quasi-prime. Now, S o f C / but f o f C 5 o / so / o / C /. 
By proposition 6 / o / is fuzzy ideal and by hypothesis / o / is quasi-prime. So, 
f of f of, imphes that / o / C /. □ 

Theorem 8. Let S be an AG-groupoid with left identity. If S is fully fuzzy quasi- 
prime then for every fuzzy left ideals f and g of S, f o g = f Ci g. 

Proof. Let / and g arc fuzzy left ideals in an AG-groupoid with left identity S, 
where S is fully fuzzy quasi-prime. So, S o f C f and S o g C g, which implies that 
90 f C f and f o g C g.By proposition 7 and theorem I, 9 o f = {g o g) o {f o f) = 
if o f)°{9 o 9) = f°9, which implies that fog C fHg. Since fClg C / and fHg C g 
so, (/ n 5) o (/ n 5) C / o (/. By lemma 2 and proposition 7, / fl g is fuzzy left ideal 
and hence idempotent. So, f Ci g C f o g which implies that f r\ g = f o g. □ 

CoroUciry 4. The set of fuzzy quasi-prime ideals of AG-groupoid with left identity 
forms a semillattice structure. 

Proof. It is an easy consequence. □ 

Theorem 9. Let S be an AG-groupoid with left identity, then followings are equiv- 
alent: 

(i) each left ideal of S is idempotent, 

(a) each fuzzy left ideal of S is idempotent, 

(Hi) for each pair of fuzzy left ideals /, g of S, f ° 9 = f C\ g, 
(iv) each fuzzy left ideal of S is fuzzy semiprime left ideal. 

Proof. (i)-<^(ii) from [9]. 

Let (ii) holds that is every fuzzy left ideal of S is idempotent. Let / and g 
are fuzzy left ideals which are idempotent, then f o g G g and g o f C /. B\it 
f o 9 = if o f ) o g = {9 o f ) o f C f o f <Z f and so f o g C f n g. Also fCigCfand 
f^g^g which implies that (/ n 5) o (/ n 51) Q f og. We know that intersection of 
fuzzy left ideals / and g is fuzzy left ideal so / fl 5 is fuzzy left ideal of S and hence 
an idempotent, which implies that f H g C fog. 

(iii)=>(iv) is same as in [9] using the hypothesis for fuzzy left ideal f in S that 

/ o / = / n / = /. 

Let (iv) holds that each fuzzy left ideal / is semiprime in S. By use of theorem 
1 and lemma 4, S o [f o f) = f o [S o f) = f o f that is / o / is fuzzy left ideal of 
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S and hence semiprime. Since f o f Q f o f which imphes that / C / o /. But we 
know that / is fuzzy left ideal so/o/C5o/C/. □ 
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